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Abstract
We extend the investigation of three-dimensional (3D) Hamiltonian systems
of non-subgroup type admitting non-zero magnetic fields and an axial sym-
metry. Three different integrable cases are considered as starting points for
superintegrability: the circular parabolic case, the oblate spheroidal case and
the prolate spheroidal case. These integrable cases were introduced in [1]. In
this paper, we focus on linear and some special cases of quadratic superin-
tegrability. We investigated all possible additional linear integrals of motion
for the oblate and the prolate spheroidal cases, separately. For both cases, no
previously unknown superintegrable system arises. In addition, we looked for
special quadratic integrals of motion for all three cases. We found one new
minimally superintegrable system that lies at the intersection of the circular
parabolic and cylindrical cases. We also found one new minimally superinte-
grable system that lies at the intersection of the cylindrical, spherical, oblate
spheroidal and prolate spheroidal cases. By imposing additional conditions
on these systems, we found for each quadratically minimally superintegrable
system a new infinite family of higher-order maximally superintegrable sys-
tems linked with the caged and harmonic oscillator without magnetic fields,
respectively, through a time-dependent canonical transformation.
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1. Introduction
The first (modern) steps in obtaining and classifying all superintegrable
Hamiltonian systems were undertaken by Smorodinsky, Winternitz et al.
in [8, 9, 17] concerning 2D and 3D non-relativistic Hamiltonians without
magnetic fields. This research was then continued by many others, see e.g.
[4, 5, 10, 11, 12, 13, 14, 15, 24, 25, 26, 30, 33, 35]. For such Hamiltoni-
ans, quadratic integrability is linked with the separation of variables in the
Hamilton–Jacobi or Schro¨dinger equations in one of the 11 coordinate sys-
tems linked with the Sta¨ckel orthogonal coordinates. However, this separa-
bility is not always preserved in the presence of a magnetic field.
Later on, a series of papers was dedicated to 2D and 3D non-relativistic
Hamiltonian systems with magnetic fields for integrable and superintegrable
cases, see e.g. [2, 3, 16, 19, 20, 21, 22, 28, 29, 31, 32, 36]. One way to
look for superintegrability is to start from an integrable system and then
find additional integrals of motion. Up to now, only the following classes
of quadratically integrable systems in 3D were investigated with magnetic
fields [1, 7, 20, 22, 36]: Cartesian, cylindrical, spherical, oblate spheroidal,
prolate spheroidal and circular parabolic. Those classes are named after the
coordinates in which the Hamilton–Jacobi / Schro¨dinger equations separate
in the limit of vanishing magnetic fields. In this paper, we use the last three
cases as starting points to seek for superintegrability with non-zero magnetic
fields. These three integrable systems represent the systems that possess an
axial symmetry and belong to the non-subgroup type of integrability, i.e. the
oblate spheroidal, prolate spheroidal and circular parabolic cases. The first
three classes (Cartesian, cylindrical and spherical) belong to the subgroup
type and are to be investigated in other papers like [23].
The goal of this paper is twofold. Firstly, we will complete the classifi-
cation of all linearly superintegrable systems of the non-subgroup type with
an axial symmetry and a magnetic field. The associated results for the cir-
cular parabolic case are already known and presented in [1]. Secondly, we
will continue the investigation of quadratic superintegrability for the circular
parabolic case, the oblate spheroidal case and the prolate spheroidal case, by
looking at specific (non-general) quadratic integrals of motion. The general
cases are very difficult to work with because of the high numbers of constants
and functions. Hence, we will focus on cases which allow separation of vari-
ables in other coordinate system(s) when there are no magnetic fields, i.e.
we will follow hints from the lists of superintegrable systems in the paper [5].
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The paper is structured as follows. In section 2, we provide our blanket
hypothesis and we specify the notation that we use throughout the paper.
In section 3, we summarize some results of the previous paper [1] on in-
tegrability of the 3D non-subgroup-type Hamiltonian systems that admit
non-zero magnetic fields and an axial symmetry. In section 4, we classify all
possible superintegrable systems admitting magnetic fields with additional
integrals linear in momenta that are linked with the oblate spheroidal coor-
dinates and the prolate spheroidal coordinates. In section 5, we investigate
a special case of quadratic superintegrability both for the oblate spheroidal
case and the prolate spheroidal case, which also lies at the intersection of
spherical and cylindrical cases. In section 6, we search for a new additional
quadratic integral associated with the circular parabolic coordinates and the
cylindrical coordinates. In section 7, we provide some conclusions and future
perspectives. Some examples of trajectories associated with minimally and
maximally superintegrable systems are provided in the appendix.
2. Notation and definitions
We consider 3D classical Hamiltonian systems that admit a static non-
vanishing magnetic field ~B and a static scalar potential W , i.e. in the Carte-
sian coordinates the Hamiltonian H takes the form
H =
1
2
((
pAx
)2
+
(
pAy
)2
+
(
pAz
)2)
+W (~x), (2.1)
where pAi = pi + Ai(~x) are the covariant expressions of the momenta pi and
Ai(~x) are the vector potential components corresponding to the magnetic
field ~B(~x). The mass of the particle is set to 1 and the electrical charge is set
to −1 for convenience. Throughout this paper, we prefer to use the covariant
representation of the momenta to preserve the gauge invariance linked with
the vector potential ~A(~x), unless otherwise stated. Indeed, the magnetic
field ~B(~x) defines the potential vector ~A(~x) up to a gauge transformation. In
the Hamiltonian description, the choice of gauge can be seen as a canonical
transformation. In our, static, case, the gauge transformation takes the form
A˜(~x) = A(~x) +∇F (~x), W˜ (~x) = W (~x). (2.2)
The vector potential can be interpreted as a 1-form, e.g. in the Cartesian
coordinates
A = Ax(x, y, z)dx+ Ay(x, y, z)dy + Az(x, y, z)dz, (2.3)
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such that the magnetic field 2-form B is obtained by taking the exterior
derivative of the vector potential A, e.g. in the Cartesian coordinates
B = Bx(x, y, z) dy ∧ dz +By(x, y, z) dz ∧ dx+Bz(x, y, z) dx ∧ dy
= (∂yAz − ∂zAy) dy ∧ dz + (∂zAx − ∂xAz) dz ∧ dx
+(∂xAy − ∂yAx) dx ∧ dy. (2.4)
We use the notation for the angular momenta associated with the covariant
linear momenta LAx = yp
A
z − zpAy , LAy = zpAx − xpAz and LAz = xpAy − ypAx to-
gether with the associated total angular momentum (LA)2 = (LAx )
2+(LAy )
2+
(LAz )
2.
For a Hamiltonian system to be said integrable (in the sense of Liouville),
it must possess as many independent integrals of motion in involution as the
number of dimensions. In our case, it implies that there exist 2 integrals of
motion plus the Hamiltonian, where all of them Poisson-bracket commute
with each other, i.e.
{X1, H} = 0, {X2, H} = 0, {X1, X2} = 0. (2.5)
Moreover, we assume that these integrals of motion are functionally indepen-
dent, i.e. that the Jacobian matrix[
∂(H,X1, X2)
∂(xi, pj)
]
(2.6)
is of maximal rank. (Here, the maximal rank is 3.)
If the system admits additional functionally independent integrals of mo-
tion, then it is said to be superintegrable. In the 3D case, there are only two
possibilities for superintegrability: minimal superintegrability (3+1 integrals
of motion) and maximal superintegrability (3+2 integrals of motion). One
should note that we do not require the additional integrals of motion to be
in involution with any other integral of motion except for the Hamiltonian.
In this paper, we look for additional integrals of motion that are poly-
nomial in momenta. To obtain such additional integrals, we use a direct
method, i.e. we require that the new integral of motion of order N Poisson-
bracket commutes with the Hamiltonian. The outcome of the Poisson bracket
is a polynomial of order N + 1 in momenta, for which every coefficient of the
powers in momenta is zero. These coefficients are the determining equa-
tions that we need to solve to get an additional integral of motion. The
4
determining equations are usually composed of an overdetermined system of
partial differential equations involving the position coordinates. Since the
cases without magnetic field are well-known in the literature, we neglect any
subcases where the magnetic field vanishes. In addition, one should note that
the leading-order terms of an integral of motion polynomial in momenta lie
in the enveloping algebra of the Euclidean algebra e(3), i.e. that they are a
combination of the linear momenta pi and the angular momenta Li or, up to
a redefinition of lower order terms, of their covariant versions pAi and L
A
i .
3. Past results on integrability for axially-symmetric Hamiltonians
In this paper, we consider 3D non-subgroup-type integrable systems with
non-zero magnetic fields and an axial symmetry as starting points. These
systems were previously studied in [1], and are linked with three types of
coordinates:
• the circular parabolic coordinates,
• the oblate spheroidal coordinates,
• the prolate spheroidal coordinates.
The subgroup-type integrable systems with non-zero magnetic fields and an
axial symmetry (cylindrical and spherical cases) were treated in other papers
[7, 22]. These subgroup-type integrable systems will not be used as starting
points here, however, the superintegrable systems found in this paper lie at
the intersection of subgroup-type and non-subgroup-type cases.
In order to make the paper self-contained, we briefly provide results con-
cerning integrability of the non-subgroup-type integrable systems with non-
zero magnetic fields and an axial symmetry.
3.1. The circular parabolic integrable case
The circular parabolic coordinates are given through their transformation
into the Cartesian coordinates as
x = ξη cos(φ), y = ξη sin(φ), z =
1
2
(ξ2 − η2). (3.1)
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The integrable Hamiltonian associated with the circular parabolic case is
H =
1
2
((
pAξ
)2
+
(
pAη
)2
ξ2 + η2
+
(
pAφ
)2
ξ2η2
)
+
1
2
(
β1(η)− β2(ξ)
ξ2 + η2
)2
+
η2ρ2(ξ)− ξ2ρ1(η)
ξ2η2(ξ2 + η2)
(3.2)
together with the magnetic field
Bξ = −∂η
(
ξ2β1(η) + η
2β2(ξ)
ξ2 + η2
)
,
Bη = ∂ξ
(
ξ2β1(η) + η
2β2(ξ)
ξ2 + η2
)
, (3.3)
Bφ = 0,
where ρ1(η) and ρ2(ξ) are arbitrary functions appearing solely in the scalar
potential, while β1(η) and β2(ξ) are arbitrary functions that appear also in
the magnetic field. This system possesses two quadratic integrals of motion:
a (Laplace–)Runge–Lenz-type integral of motion
X1 = L
A
x p
A
y − LAy pAx + lower order terms (3.4)
=
η2(pAξ )
2 − ξ2(pAη )2
2(ξ2 + η2)
+
η2 − ξ2
2ξ2η2
(pAφ )
2
+
(
β1(η)− β2(ξ)
ξ2 + η2
)
pAφ +
ξ4ρ1(η) + η
4ρ2(ξ)
ξ2η2(ξ2 + η2)
and a quadratic angular momentum integral of motion that degenerates in
the presence of a magnetic field to a linear one, namely
X2 = L
A
z + lower order terms (3.5)
= pAφ +
ξ2β1(η) + η
2β2(ξ)
ξ2 + η2
,
the axial symmetry. The integral of motion X2 becomes simply pφ by using
a suitable gauge for the vector potential A.
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3.2. The oblate spheroidal integrable case
The oblate spheroidal coordinates are given through their transformation
into the Cartesian coordinates as
x = a cosh(ξ) sin(η) cos(φ), y = a cosh(ξ) sin(η) sin(φ), (3.6)
z = a sinh(ξ) cos(η),
where a is a parameter greater than zero. The integrable Hamiltonian asso-
ciated with the oblate spheroidal case is
H =
1
2
(
(pAξ )
2 + (pAη )
2
a2(cosh2(ξ)− sin2(η)) +
(pAφ )
2
a2 cosh2(ξ) sin2(η)
)
−1
2
(
β1(η)− β2(ξ)
2a(cosh2(ξ)− sin2(η))
)2
+
ρ1(η) + ρ2(ξ)
2a2(cosh2(ξ)− sin2(η)) (3.7)
together with the magnetic field
Bξ = ∂η
(
sin2(η)β2(ξ)− cosh2(ξ)β1(η)
2(cosh2(ξ)− sin2(η))
)
,
Bη = −∂ξ
(
sin2(η)β2(ξ)− cosh2(ξ)β1(η)
2(cosh2(ξ)− sin2(η))
)
, (3.8)
Bφ = 0,
where ρ1(η) and ρ2(ξ) are arbitrary functions appearing solely in the scalar
potential, while β1(η) and β2(ξ) are arbitrary functions that appear also in
the magnetic field. This system possesses two quadratic integrals of motion:
the integral of motion
X1 = (L
A)2 + a2
(
(pAx )
2 + (pAy )
2
)
+ lower order terms (3.9)
=
sin2(η)(pAξ )
2 + cosh2(ξ)(pAη )
2
cosh2(ξ)− sin2(η) +
cosh2(ξ) + sin2(η)
cosh2(ξ) sin2(η)
(pAφ )
2
+
(
β1(η)− β2(ξ)
cosh2(ξ)− sin2(η)
)
pAφ +
cosh2(ξ)ρ1(η) + sin
2(η)ρ2(ξ)
cosh2(ξ)− sin2(η) ,
and a quadratic angular momentum integral of motion that degenerates to
a linear one, i.e.
X2 = L
A
z + lower order terms (3.10)
= pAφ +
cosh2(ξ)β1(η)− sin2(η)β2(ξ)
2(cosh2(ξ)− sin2(η)) ,
7
the axial symmetry. The integral of motion X2 becomes simply pφ by using
a suitable gauge for the vector potential A.
3.3. The prolate spheroidal integrable case
The prolate spheroidal coordinates are given through their transformation
into the Cartesian coordinates as
x = a sinh(ξ) sin(η) cos(φ), y = a sinh(ξ) sin(η) sin(φ), (3.11)
z = a cosh(ξ) cos(η),
where a is a parameter greater than zero. The integrable Hamiltonian asso-
ciated with the prolate spheroidal case is
H =
1
2
(
(pAξ )
2 + (pAη )
2
a2(sinh2(ξ) + sin2(η))
+
(pAφ )
2
a2 sinh2(ξ) sin2(η)
)
+
1
2
(
β1(η)− β2(ξ)
2a(sinh2(ξ) + sin2(η))
)2
+
ρ1(η) + ρ2(ξ)
2a2(sinh2(ξ) + sin2(η))
(3.12)
together with the magnetic field
Bξ = −∂η
(
sin2(η)β2(ξ) + sinh
2(ξ)β1(η)
2(sinh2(ξ) + sin2(η))
)
,
Bη = ∂ξ
(
sin2(η)β2(ξ) + sinh
2(ξ)β1(η)
2(sinh2(ξ) + sin2(η))
)
, (3.13)
Bφ = 0,
where ρ1(η) and ρ2(ξ) are arbitrary functions appearing solely in the scalar
potential, while β1(η) and β2(ξ) are arbitrary functions that appear also in
the magnetic field. This system possesses two quadratic integrals of motion:
the integral of motion
X1 = (L
A)2 − a2 ((pAx )2 + (pAy )2)+ lower order terms (3.14)
=
sinh2(ξ)(pAη )
2 − sin2(η)(pAξ )2
sinh2(ξ) + sin2(η)
+
sinh2(ξ)− sin2(η)
sinh2(ξ) sin2(η)
(pAφ )
2
+
(
β2(ξ)− β1(η)
sinh2(ξ) + sin2(η)
)
pAφ +
sinh2(ξ)ρ1(η)− sin2(η)ρ2(ξ)
sinh2(ξ) + sin2(η)
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and a quadratic integral of motion that degenerates to a linear one, i.e.
X2 = L
A
z + lower order terms (3.15)
= pAφ +
sinh2(ξ)β1(η) + sin
2(η)β2(ξ)
2(sinh2(ξ) + sin2(η))
,
the axial symmetry. The integral of motion X2 becomes simply pφ by using
a suitable gauge for the vector potential A.
4. Linear superintegrability: oblate and prolate spheroidal
In this section, we investigate linear superintegrability associated with
the oblate spheroidal case and the prolate spheroidal case. We look sep-
arately into the oblate and prolate spheroidal cases for general additional
linear integral, which takes the form
Y3 = α1p
A
x + α2p
A
y + α3p
A
z + α4L
A
x + α5L
A
y + α6L
A
z +m(x, y, z). (4.1)
The constant α6 can be set to zero in both the oblate and prolate spheroidal
cases since the new integral must be functionally independent with the inte-
gral X2. After doing such an investigation for both the oblate and prolate
spheroidal cases, taking out the cases where the magnetic fields vanish, we
are left with two superintegrable systems that appear for both the oblate
spheroidal case and the prolate spheroidal case.
The first superintegrable system involves the additional integral of motion
Y3 = p
A
z , (4.2)
which leads to the Hamiltonian
H =
(pAx )
2 + (pAy )
2 + (pAz )
2
2
+
u1
x2 + y2
− b
2
z
8
(x2 + y2) (4.3)
together with the constant magnetic field oriented along the z-axis
B = bzdx ∧ dy. (4.4)
The integrals of motion (3.9-3.10) and (3.14-3.15) written in the Cartesian
coordinates become
X1 = (L
A)2 − bz(x2 + y2 + z2)LAz
+
2u1z
2
x2 + y2
+
b2z
4
(x2 + y2)(x2 + y2 + z2), (4.5)
X2 = L
A
z −
bz
2
(x2 + y2). (4.6)
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The integral X1 has been redefined using the other integrals of motion to
get rid of the parameter a appearing in the oblate / prolate coordinates
definition (3.6) / (3.11). The linear and quadratic integrals of motion (4.2-
4.3) and (4.5-4.6) are functionally independent thus the system is minimally
superintegrable.
The second superintegrable system involves the two independent addi-
tional integrals of motion
Y3 = p
A
x + bzy, Y4 = p
A
y − bzx, (4.7)
which leads to a Hamiltonian similar to (4.3) but with (x2 + y2) replaced by
z2 and one sign flipped,
H =
(pAx )
2 + (pAy )
2 + (pAz )
2
2
+
u1
z2
+
b2z
8
z2, (4.8)
with the same constant magnetic field oriented along the z-axis
B = bzdx ∧ dy. (4.9)
The integrals of motion (3.9-3.10) and (3.14-3.15) written in the Cartesian
coordinates are
X1 = (L
A)2 − bz(x2 + y2 + z2)LAz
+
2u1
z2
(x2 + y2) +
b2z
4
(x2 + y2)(x2 + y2 + z2), (4.10)
X2 = L
A
z −
bz
2
(x2 + y2). (4.11)
Similarly, the integral X1 has been redefined to get rid of the parameter a.
This system possesses 5 functionally independent integrals of motion, i.e.
this system is maximally superintegrable.
These two systems are already known in the literature, see e.g. [1, 20, 23].
One should note that the classification of all linearly superintegrable systems
for the circular parabolic case was provided in section 6 of the paper [1].
5. Special quadradic superintegrability: oblate and prolate spheroidal
In this section and the next one, we do not look for general quadratic
integrals of motion. The number of leading order constants together with
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the number of functions depending on position coordinates become too diffi-
cult to manage without giving a blind control to computer algebra systems
like Maple [18]. It gets drastically worse every time the order of a general
integral of motion is raised. Even if computer algebra systems like Maple are
very useful and powerful, they are not perfect when we need to solve par-
tial differential equations and some solutions may be missed. Therefore, we
will be looking at special cases which would allow us to search for quadratic
superintegrability without relying on the power of symbolic solvers of par-
tial differential equations. More precisely, we consider cases that remain
quadratically superintegrable when the magnetic field is set to zero, and
thus according to the results of [5, 17] allow separation of variables in one of
the sets of coordinates under study and also in at least another set of coor-
dinates. In other words, we consider second-order integrals of motion that,
when the magnetic fields are set to zero, would lead to separation of variables
in the oblate spheroidal, prolate spheroidal or the circular parabolic coordi-
nates and in another coordinate system. Evans [5] provided such a list of all
quadratically minimally and maximally superintegrable systems when there
is no magnetic field. Assuming that a superintegrable system with a mag-
netic field has a meaningful nontrivial limit as the magnetic field goes to zero,
we may reasonably expect that the integrals turn into integrals considered
by Evans in the limit of vanishing magnetic fields. Since the leading order
determining equations do not involve the magnetic field, we may impose the
assumption that the leading order terms are not affected by the limit. Thus,
starting with the same leading order terms of additional integrals, we look
for additional quadratic integrals of motion when the magnetic field does not
vanish.
According to Evans [5], when there are no magnetic fields, there exist
one quadratically minimally superintegrable system involving separation of
variables in the oblate and prolate spheroidal coordinates and one quadrat-
ically maximally superintegrable system involving separation of variables in
the oblate and prolate spheroidal coordinates. By considering the system
with a magnetic field corresponding to the “maximally” superintegrable case
without a magnetic field, the additional quadratic integrals lead to a maxi-
mally superintegrable system that possesses many linear integrals of motion
in terms of which the imposed quadratic ones are expressed as their func-
tions. This system has already been found in the previous section and e.g.
in [1, 20, 23].
Hence, we look at the minimally superintegrable case, i.e. the overlap
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with the cylindrical and spherical cases, that is we impose an additional
integral of the form
Y3 = (p
A
z )
2 + lower order terms, (5.1)
or the same investigation could have been done using the additional integral
(LA)2 + lower order terms. (5.2)
That comes from the fact that it is possible to use the Hamiltonian and (5.1)
to get rid of the parameter a in this system, i.e.
(LA)2 + ... = X1 ± a2Y3 ∓ 2a2H. (5.3)
We searched for the integral (5.1) for the oblate spheroidal case and the
prolate spheroidal case, separately. From the second-order determining equa-
tions of the Poisson brackets of the three integrals X1, X2 and Y3 with the
Hamiltonian H, we can take the compatibility conditions for the linear terms
of the integrals of motion to get an overdetermined system of linear partial
differential equations for the magnetic field, which can be solved. Once the
admissible magnetic field is found from the compatibility conditions, one can
solve the second-order determining equations to get the linear coefficients in
the momenta. Then, by considering the compatibility conditions of the linear
determining equations together with the zeroth-order determining equations,
one finds the potential W . As expected, we found the same system for the
oblate and prolate spheroidal cases (and the spherical case) after removing
the non-interesting cases (vanishing magnetic field and systems which re-
duce to the already known ones with linear integrals). The new Hamiltonian
system is
H =
(pAx )
2 + (pAy )
2 + (pAz )
2
2
+
u1
r2
+
u2
z2
− u3R2 − bpbs
4z2
R4
−bzbp
4z2
r2 − bzbs
4
r2R2 − b
2
s
8
r2R4 +
b2z
8
z2 − b
2
p
8z4
r2 (5.4)
together with the magnetic field
B =
(
bpx
z3
− bsxz
)
dy ∧ dz +
(
bpy
z3
− bsyz
)
dz ∧ dx
+
(
bz +
bp
z2
+ bs(r
2 +R2)
)
dx ∧ dy, (5.5)
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where r is the cylindrical radius, i.e. r2 = x2 + y2, and R is the spherical
radius, i.e. R2 = x2 + y2 + z2. The constants ui appear only in the scalar po-
tential while the constants bi also appear in the magnetic field. The potential
vector A can be chosen as
Ax = −y
2
(
bz +
bp
z2
+ bsR
2
)
, Ay =
x
2
(
bz +
bp
z2
+ bsR
2
)
, Az = 0. (5.6)
The integrals of motion are given by
X1 = (L
A)2 − (bz + bsR2)R2LAz +
2u1
r2
z2 +
2u2
z2
r2
+
b2z
4
r2R2 +
bzbs
2
r2R4 − b
2
p
4z4
r2R2 +
b2s
4
r2R6, (5.7)
X2 = L
A
z −
bz
2
r2 − bp
2z2
r2 − bs
2
r2R2, (5.8)
Y3 = (p
A
z )
2 +
(
bp
z2
+ bsz
2
)
LAz +
2u2
z2
− 2u3z2 + b
2
z
4
z2
−bzbp
2z2
r2 − bzbs
2
z2r2 − b
2
p
2z4
r2 − bpbs
2z2
R4 − b
2
s
2
z2r2R2. (5.9)
The Poisson bracket {X1, Y3} is the only one that is not zero, but the algebra
closes polynomially, i.e. the Poisson bracket squared can be expressed as a
polynomial in terms of H, X1, X2 and Y3,(
{X1, Y3}
)2
= 32HX1Y3 − 32HX22Y3 − 16X1Y 23 + 16X2(−bsX42
+2bsX1X
2
2 + bzX
2
2Y3 − 4bpH2 + 2bpHY3 − bsX21
−bzX1Y3)− 128u2H2 + 64bpbzHX22 + 128u2HY3
+4(2bpbs − b2z + 8u3)X21 + 8(b2z + 2bpbs − 8u3)X1X22
+4(10bpbs + 8u3 − b2z)X42 − 16bpbzX22Y3
−32(u1 + u2)Y 23 + 8(16bzu2H + bp(b2z − 2bpbs − 8u3)X1
+(16bsu2 − b2zbp − 4b2pbs − 8bpu3)X22 − 8bzu2Y3)X2
+4(2b3pbs − b2zb2p + 8b2pu3 + 32bpbsu1 − 16bpbsu2 − 64u2u3)X22
+32u1(b
2
zbp − 2b2pbs − 8bpu3 + 8bsu2)X2
+64u1u2(b
2
z − 2bpbs − 8u3). (5.10)
It is interesting to observe that involutions of X1 and Y3 with X2 are in this
case obtained as the consequence of the existence of the integrals, i.e. there
was no need to assume or impose their involution a priori.
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We can solve the associated equations of motion in the cylindrical coor-
dinates,
r˙ = pr, p˙r = −
(
bspθ − 2u3 + b
2
z
4
− bpbs
2
)
r +
p2θ + 2u1
r3
,
z˙ = pz, p˙z = −
(
bspθ − 2u3 + b
2
z
4
− bpbs
2
)
z +
bppθ + 2u2
z3
, (5.11)
θ˙ =
bs
2
r2 +
pθ
r2
+
bs
2
z2 +
bp
2z2
+
bz
2
, p˙θ = 0.
The solution takes the form
r(t) =
√
c1 cos(νt+ c2) +
√
c21 + 4
L2z + 2u1
ν2
, (5.12)
z(t) = 
√
c3 cos(νt+ c4) +
√
c23 + 4
bpLz + 2u2
ν2
, 2 = 1, (5.13)
θ(t) = c5 + k1t+
bs
2ν
(c1 sin(νt+ c2) + c3 sin(νt+ c4))
+
Lz√
L2z + 2u1
arctan
(
k2 tan
(
νt+ c2
2
))
+
bp
2
√
bpLz + 2u2
arctan
(
k3 tan
(
νt+ c4
2
))
, (5.14)
where the ci and Lz are integration constants and the constants ki are given
by
k1 =
bz
2
+
bs
2
(√
c21 + 4
L2z + 2u1
ν2
+
√
c23 + 4
Lzbp + 2u2
ν2
)
, (5.15)
k2 =
√
1 +
c21ν
2
4(L2z + 2u1)
− c1ν
2
√
L2z + 2u1
, (5.16)
k3 =
√
1 +
c23ν
2
4(Lzbp + 2u2)
− c3ν
2
√
Lzbp + 2u2
. (5.17)
The frequency ν of r and z is determined by the (initial) angular momentum
Lz and the constants bz, bp, bs and u3, i.e.
ν =
√
b2z − 8u3 + 2bs(2Lz − bp). (5.18)
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We see that this system does not possess the behaviour of a maximally
superintegrable system, i.e. its bounded trajectories are not closed, unless
there are some additional restrictions. Hence, we conclude that the system is
only minimally superintegrable in its general form. However, particular su-
perintegrability in the sense of [34] can appear when θ matches the frequency
of r and z up to a multiplication by a rational number.
When bs = bp = 0, the frequency of r and z become independent of the
initial values, that is
ν =
√
b2z − 8u3. (5.19)
The remaining magnetic field is constant and oriented along the z-axis. Using
the rotating-frame transformation around the z-axis [37]
R(t) =
 cos( bz2 t) − sin( bz2 t) 0sin( bz
2
t) cos( bz
2
t) 0
0 0 1
 (5.20)
we can get rid of the magnetic field bz. Under the additional constraints
u1 = 0, u3 =
b2z
8
(
1− n
2
4m2
)
, (5.21)
we obtain a caged oscillator
H =
p2x + p
2
y + p
2
z
2
+
u2
z2
+
ν2
8
(x2 + y2 + z2), ν =
nbz
2m
, (5.22)
without a magnetic field, which is known to be maximally superintegrable, cf.
[5, 6]. We can map back its integrals of motion (one of which we obtain from
the ladder operator following [27]) and eliminate the time dependence arising
through the rotation by taking a suitable combination of them analogously
to [6] – that is possible under the rationality condition (5.21) relating u3 and
bz. Thus, we obtain a maximally superintegrable system. Its Hamiltonian
reads
H =
(pAx )
2 + (pAy )
2 + (pAz )
2
2
+
u2
z2
− b
2
z
8
r2 +
n2b2z
32m2
R2 (5.23)
with a constant magnetic field of magnitude bz oriented along the z-axis. The
integrals of motion are
X1 = (L
A)2 − bzR2LAz +
2u2
z2
r2 +
b2z
4
r2R2, (5.24)
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X2 = L
A
z −
bz
2
r2, (5.25)
Y3 = (p
A
z )
2 +
2u2
z2
+
n2b2z
16m2
z2, (5.26)
Y4 = Re
((
8imnbzz
3pAz + b
2
zn
2z4 − 16m2z2(pAz )2 − 32m2u2
nbzz2
)2m
× (4b2z(y − ix)2 + 16bz(x+ iy)(pAy − ipAx )
+16
(
pAx + ip
A
y
)2
+
n2b2z(x+ iy)
2
m2
)n)
(5.27)
The integral Y4 is of order 2(n+2m) in momenta and can be expressed explic-
itly without using complex expressions in terms of Chebyshev polynomials
as in [6] or in [21], cf. equations (18-20) and (3.7) therein, respectively. As
an example, in the case m = n = 1, the integral Y4 becomes up to a rescaling
by a numerical constant
Y4 = ((p
A
x )
2 − (pAy )2)(pAz )4 + bz(pAz )3(2zpAx pAy + ypAx pAz + xpAy pAz )
−3(p
A
z )
2
16z2
(
2b2zz
4((pAx )
2 − (pAy )2) +
16b2z
3
z3(xpAx − ypAy )pAz
+b2z(x
2 − y2)z2(pAz )2 −
64u2
3
(
(pAx )
2 − (pAy )2
))
−3bzp
A
z
8z2
(
b2zxyz
3(pAz )
2 +
3b2zz
4 − 32u2
3
(ypAx + xp
A
y )p
A
z
+
b2zz
4 − 32u2
3
zpAx p
A
y
)
+
(b2zz
4 − 32u2)2
256z4
(pAx )
2
+b2z
b2zz
4 − 32u2
16z
xpAx p
A
z −
(b2zz
4 − 32u2)2
256z4
(pAy )
2 − b2z
b2zz
4 − 32u2
16z
ypAy p
A
z
+
3b2z
128z2
(3b2zz
4 − 32u2)(x2 − y2)(pAz )2 +
3bz
128z4
(b2zz
4 − 32u2)
×
(
b2z
6
z4(ypAx + xp
A
y ) + b
2
zxyz
3pAz −
16u2
3
(ypAx + xp
A
y )
)
− 3b
2
z
4096z4
(b2zz
4 − 32u2)2(x2 − y2). (5.28)
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6. Special quadradic superintegrability: circular parabolic
According to Evans [5], when there are no magnetic fields, there exist 2
quadratically minimally superintegrable systems allowing separation of vari-
ables in the circular parabolic coordinates and 3 maximally superintegrable
ones. By considering the systems with magnetic fields corresponding to the
“maximally” superintegrable cases without magnetic fields, the additional
quadratic integrals with the corresponding leading order terms lead again
to maximally superintegrable systems that possess many linear integrals of
motion in terms of which the imposed quadratic ones are expressed as their
functions. These systems have already been found in e.g. [1, 20, 23]. For
the minimally superintegrable counterparts, the overlap with the spherical
case was studied in [1], where we found a new quadratically superintegrable
system. Details on this system can be found in section 7 of [1].
However, the overlap with the cylindrical case was not studied previously,
i.e. looking for an additional integral of motion of the form
Y3 = (p
A
z )
2 + lower order terms. (6.1)
From the second-order determining equations of the Poisson brackets of the
three integrals X1, X2 and Y3 with the Hamiltonian H, we can take the com-
patibility conditions for the linear terms of the integrals of motion to get an
overdetermined system of linear partial differential equations for the mag-
netic field, which can be solved. (When solving the compatibility conditions
for the magnetic field, there is an additional term in the magnetic field of the
form (x2+y2)−1 appearing in addition to the terms present in the final result
(6.3) below, but it will vanish either because of compatibility conditions of
linear determining equations or the involution of the integrals X1 and X2,
depending on the branch of the calculation.) Using the solution of the mag-
netic field from the compatibility conditions, one can solve the second-order
determining equations to get the linear coefficients in the momenta. Then, by
considering the compatibility conditions of the linear determining equations
together with the zeroth-order determining equations, it is possible to solve
the potential W . By requiring that X1 and X2 are in involution we finally
arrive at a single system described in (6.2) below. Notice that the integrals
X2 and Y3 turn out to be in involution even if it wasn’t required. The new
quadratically superintegrable system is characterized by the Hamiltonian
H =
(pAx )
2 + (pAy )
2 + (pAz )
2
2
− r
2
32
(
2bz − 4blz + bq(r2 + 4z2)
)2
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+u1z +
u2
r2
+ u3(r
2 + 4z2) (6.2)
together with the magnetic field
B = (blx− 2xzbq) dy ∧ dz + (bly − 2bqyz) dz ∧ dx
+
(
bz − 2blz + bq(r2 + 2z2)
)
dx ∧ dy, (6.3)
where r is the cylindrical radius, i.e. r2 = x2 + y2. The constants ui only
appear in the potential while the constants bi also appear in the magnetic
field.
In the case where bq is not zero, it is possible to use a translation in z,
z → z + bl
2bq
, (6.4)
to eliminate the constant bl from the system. After redefining the parameters
u1 and bz, this system reads
H =
(pAx )
2 + (pAy )
2 + (pAz )
2
2
− r
2
32
(
2bz + bq(r
2 + 4z2)
)2
+u1z +
u2
r2
+ u3(r
2 + 4z2) (6.5)
together with the magnetic field
B = −2bqxz dy ∧ dz − 2bqyz dz ∧ dx+
(
bz + bq(r
2 + 2z2)
)
dx ∧ dy. (6.6)
The vector potential A can be chosen as
Ax = −
(
bz
2
+
bq
4
(r2 + 4z2)
)
y, Ay =
(
bz
2
+
bq
4
(r2 + 4z2)
)
x, Az = 0.
(6.7)
The integrals of motion are given by
X1 = L
A
x p
A
y − LAy pAx +
(
bz + bq(r
2 + 2z2)
)
zLAz −
b2z
4
zr2 − bzbq
2
zr2(r2 + 2z2)
− b
2
q
16
zr2(3r2 + 4z2)(r2 + 4z2) +
u1
2
r2 − 2u2z
r2
+ 2u3zr
2, (6.8)
X2 = L
A
z −
(
bz
2
+
bq
4
(r2 + 4z2)
)
r2, (6.9)
Y3 = (p
A
z )
2 + 2bqz
2LAz −
(
bzbq +
b2q
2
(r2 + 4z2)
)
z2r2 + 2u1z + 8u3z
2. (6.10)
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The Poisson bracket {X1, Y3} is the only one that is not zero, but the algebra
closes polynomially, i.e. the Poisson bracket squared can be expressed as a
polynomial in terms of H, X1, X2 and Y3,
({Y3, X1})2 = −16H2Y3 + 16HY 23 − 4Y 33 + 8(bqX22Y3 + 2bzHY3
+bqX
2
1 − bzY 23 )X2 − 16u1HX1 + 32u3X21 + 8u1X1Y3
+4(8u3 − b2z)X22Y3 + 8(bzu1X1 + 2bqu2Y3)X2
+4u21X
2
2 + 64u2u3Y3 + 8u
2
1u2. (6.11)
The associated equations of motion in the cylindrical coordinates,
r˙ = pr, p˙r =
p2θ + 2u2
r3
− bqpθ + 4u3
2
r,
z˙ = pz, p˙z = −(8u3 + 2bqpθ)z − u1, (6.12)
θ˙ =
bq
4
r2 +
pθ
r2
+ bqz
2 +
bz
2
, p˙θ = 0,
can be solved,
r(t) =
√
c1 cos(νt+ c2) +
√
c21 + 4
L2z + 2u2
ν2
, (6.13)
z(t) = c3 cos(νt+ c4)− u1
ν2
, (6.14)
θ(t) = c5 + k1t+
Lz√
L2z + 2u2
arctan
(
k2 tan
(
νt+ c2
2
))
+
bq
ν
(
c1
4
sin(νt+ c2)− 2c3u1
ν2
sin(νt+ c4)
+
c23
2
cos(νt+ c4) sin(νt+ c4)
)
, (6.15)
where the ci and Lz are integration constants and the constants ki are given
by
k1 =
bz
2
+ bq
(
c23
2
+
u21
ν4
+
1
4
√
c21 + 4
L2z + 2u2
ν2
)
, (6.16)
k2 =
√
1 +
c21ν
2
4(L2z + 2u2)
− c1ν
2
√
L2z + 2u2
. (6.17)
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The frequency of r and z is determined by the (initial) angular momentum
Lz and the constants u3 and bq, i.e.
ν =
√
8u3 + 2bqLz. (6.18)
We can see that also this system does not possess the behaviour of a maxi-
mally superintegrable system unless there are some restrictions on k1, which
are not satisfied for all initial data. Hence, we conclude that for generic val-
ues of the parameters the system is minimally superintegrable. However, the
particular superintegrability can appear when θ matches the frequency of r
and z up to a multiplication by a rational number.
In the case where bq = 0, but bl 6= 0, we can use a different translation in
z to absorb the constant magnetic field, i.e.
z → z + bz
2bl
, (6.19)
such that the Hamiltonian becomes
H =
(pAx )
2 + (pAy )
2 + (pAz )
2
2
− b
2
l
2
z2r2 + u1z +
u2
r2
+ u3(r
2 + 4z2) (6.20)
(up to a redefinition of the parameter u1) together with the magnetic field
B = bl (x dy ∧ dz + y dz ∧ dx− 2z dx ∧ dy) . (6.21)
The three integrals of motion of this system can be written as
X1 = L
A
x p
A
y − LAy pAx −
bl
2
(r2 + 4z2)LAz
+
u1
2
r2 − 2u2z
r2
+ 2u3zr
2 − b
2
l
2
zr2(r2 + 2z2), (6.22)
X2 = L
A
z + blzr
2, (6.23)
Y3 = (p
A
z )
2 − 2blzLAz + 2u1z + 8u3z2 − 2b2l z2r2. (6.24)
In the cylindrical coordinates, we can solve the associated equations of mo-
tion,
r(t) =
√√√√c1 cos(√8u3t+ c2) +
√
c21 +
L2z + 2u2
2u3
, (6.25)
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z(t) = c3 cos(
√
8u3t+ c4) +
blLz − u1
8u3
, (6.26)
θ(t) = c5 − bl(blLz − u1)
8u3
t− c3bl√
8u3
sin(
√
8u3t+ c4) (6.27)
+
Lz√
L2z + 2u2
arctan
(
k tan
(√
8u3t+ c2
2
))
, (6.28)
where
k =
√
1 +
2c21u3
L2z + 2u2
− c1
√
2u3
L2z + 2u2
. (6.29)
Once again, we can see that this system does not possess the quality of max-
imally superintegrable systems in general, i.e. is minimally superintegrable.
When bq = bl = 0, we can absorb the parameter u1 using a translation
of z if u3 is non-zero. In addition, if we set u2 = 0 and u3 =
n2b2z
8m2
where n
and m are integers, the time-dependent rotation (5.20) maps this system to
a harmonic oscillator without the magnetic field, of the form
H =
p2x + p
2
y + p
2
z
2
+
n2b2z
8m2
(x2 + y2 + 4z2), (6.30)
which is known to be maximally superintegrable, cf. [5]. We can map back
its integrals of motion (one of which we obtain from the ladder operator fol-
lowing [27]) and eliminate the time dependence arising through the rotation
by taking a suitable combination of them analogously to [6] – that is pos-
sible under the rationality condition relating u3 and bz. Thus we obtain a
maximally superintegrable system. Its Hamiltonian reads
H =
(pAx )
2 + (pAy )
2 + (pAz )
2
2
+
b2z
8
(
n2
m2
− 1
)
(x2 + y2) +
n2b2z
2m2
z2 (6.31)
with a constant magnetic field of magnitude bz oriented along the z-axis. The
integrals of motion are
X1 = L
A
x p
A
y − LAy pAx + bzzLAz +
b2z
4
(
n2
m2
− 1
)
zr2, (6.32)
X2 = L
A
z −
bz
2
r2, (6.33)
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Y3 = (p
A
z )
2 +
n2b2z
m2
z2, (6.34)
Y4 = Re
((
(n2 −m2)b2z(y + ix)2 − 4m2bz(x− iy)(pAy + ipAx )
+4m2(pAy + ip
A
x )
2
)n
(mpAz + inbzz)
m
)
, (6.35)
The integral Y4 is of order 2n+m in momenta and can be expressed without
using complex expressions (as in section 5 or [6, 21]). As an example, in the
case m = n = 1, the integral Y4 becomes up to a rescaling
Y4 = p
A
z
(
(pAx )
2 − (pAy )2 + bz(xpAy + ypAx )
)
+ 2bzzp
A
x p
A
y − b2zz(xpAx − ypAy ).
7. Conclusions
In conclusion, we continued to investigate the 3D non-subgroup-type inte-
grable systems that admit non-zero magnetic fields and an axial symmetry.
More precisely, we looked for additional linear integrals of motion for the
oblate and the prolate spheroidal cases in a general manner. We found that
there are only two such superintegrable systems that admit magnetic fields.
These two systems were already known in the literature. We also searched
for quadratically superintegrable systems in the oblate spheroidal case, in
the prolate spheroidal case and in the circular parabolic case under the as-
sumption that a well-defined limit of the Hamiltonian and the integrals of
motion exists as ~B → 0 (and remain functionally independent). We found a
new quadratically minimally superintegrable system lying at the intersection
of the oblate spheroidal case, the prolate spheroidal case, the cylindrical case
and the spherical case. In addition, we found a new quadratically minimally
superintegrable system lying at the intersection of the circular parabolic case
and the cylindrical case. For both quadratically minimally superintegrable
systems, we were able to solve the equations motions and from their structure
we can see that they are not maximally superintegrable in their general forms.
With additional conditions on these systems, we were able to find two infinite
families of maximally superintegrable systems. These maximally superinte-
grable systems involving a constant magnetic field along the z-axis are linked
to the harmonic and caged oscillator without magnetic fields, respectively,
via a rotating-frame transformation. We notice that superintegrability de-
pends on a delicate interplay among the parameters specifying the magnetic
field and the potential.
This research can be extended in many directions. The quantum ver-
sions of these systems were not studied. We only know from [1] and explicit
22
calculations that the three integrable cases considered here (and their linear
superintegrable cases) do not have quantum corrections. It would also be
interesting to look in a general way for all additional quadratic integrals of
motion. However, these calculations are tremendous. New techniques for
finding higher-order integrals would be of great help in this matter. It would
also be interesting to study the other non-subgroup-type integrable systems
and then look for superintegrability.
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Appendix — Examples of trajectories
Figure 1: Trajectory of the minimally superintegrable system (5.4) with the initial condi-
tions [x(0) = 1, y(0) = −1, z(0) = 1, px(0) = 1, py(0) = 0, pz(0) = 0] and the values of
the constants [u1 = 2, u2 =
3
2 , u3 = −1, bz = 7, bp = 4, bs = 2]. The trajectory is red at
t = 0 and becomes gradually blue.
(a) t=[0,2] (b) t=[0,7]
(c) t=[0,50]
(d) Projection in the xy-plane for
t=[0,50]
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Figure 2: Trajectory of the minimally superintegrable system (5.4) with the initial condi-
tions [x(0) = 1, y(0) = −1, z(0) = 1, px(0) = 1, py(0) = 0, pz(0) = 0] and the values of
the constants [u1 = 1, u2 =
3
2 , u3 = −1, bz = 2, bp = 4, bs = 2]. The trajectory is red at
t = 0 and becomes gradually blue until it closes (around t = 18.85).
(a) Projection on the xz-plane
(b) Projection on the yz-plane
(c) Projection on the xy-plane
(d) 3D Trajectory
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Figure 3: Trajectory of the maximally superintegrable system (5.23) with the initial con-
ditions [x(0) = 1, y(0) = −1, z(0) = 1, px(0) = 1, py(0) = 0, pz(0) = 0] and the values of
the constants [u2 =
3
2 , bz = 2, n = 3, m = 2]. The trajectory is red at t = 0 and becomes
gradually blue until it closes (at t = 8pi).
(a) Projection on the xz-plane (b) Projection on the yz-plane
(c) Projection on the xy-plane
(d) 3D Trajectory
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Figure 4: Trajectory of the minimally superintegrable system (6.5) with the initial condi-
tions [x(0) = 1, y(0) = −1, z(0) = 1, px(0) = 1, py(0) = 0, pz(0) = 0] and the values of
the constants [u1 = 10, u2 =
3
2 , u3 = 1, bz = 2, bq = 4]. The trajectory is red at t = 0 and
becomes gradually blue.
(a) t=[0,3]
(b) t=[0,8]
(c) t=[0,50]
(d) Projection in the xy-plane for
t=[0,50]
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Figure 5: Trajectory of the minimally superintegrable system (6.5) with the initial condi-
tions [x(0) = 1, y(0) = −1, z(0) = 1, px(0) = 1, py(0) = 0, pz(0) = 0] and the values of
the constants [u1 = 1, u2 =
3
2 , u3 =
1
2 , bz = 4, bq = 0]. The trajectory is red at t = 0 and
becomes gradually blue until it closes (around t = 12.57).
(a) Projection on the xz-plane
(b) Projection on the yz-plane
(c) Projection on the xy-plane
(d) 3D Trajectory
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Figure 6: Trajectory of the maximally superintegrable system (6.31) with the initial con-
ditions [x(0) = 1, y(0) = −1, z(0) = 1, px(0) = 1, py(0) = 0, pz(0) = 0] and the values
of the constants [bz = 3, n = 1, m = 2]. The trajectory is red at t = 0 and becomes
gradually blue until it closes (at t = 8pi3 ).
(a) Projection on the xz-plane
(b) Projection on the yz-plane
(c) Projection on the xy-plane
(d) 3D Trajectory
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